We have studied the collective magneto-optical response of layers of semiconductor quantum dots and nanorings. Expressions for both the polarizability of the individual nano-objects have been used to determine the magneto-optical response on square two-dimensional lattices on those nano-objects as a function on frequency, magnetic field and angle of incidence. The magnetic field dependence of the response for layers of rings gives rise to the Aharonov-Bohm type oscillatory behavior in the reflectance and absorbance that can be measurable. Layers of dots do not display any remarkable magnetic field dependence.
I. INTRODUCTION
Quantum dots and nano-rings are nanosized semiconductor structures resembling artificial atoms. They are expected to play an important role in several urgent areas of modern technology, like optics, optoelectronics, optical computing and quantum cryptography and computing. Semiconductor nanorings [1] are about the newest not-simply connected quantum nano-objects with unusual magnetic and magnetic-optical properties [2] [3] [4] . Like self-assembled semiconductor quantum dots, nano-rings are free of decoherence problems caused by scattering. But topologically the nano-rings are very different from quantum dots. A further consequence of the unusual topology is that the center hole enables trapping of a single magnetic flux and offers the exciting possibility to observe electronic wave-function phases [5] in magneto-optical experiments. This leads to a new so-called "optical" AharonovBohm (AB) effect, which can occur only in semiconductor nano-rings [6] [7] [8] [9] .
Most of the work done already in the field of the optical AB effect in nano-rings has been about far-infrared (FIR) spectroscopy or magneto-photoluminescence (MP). Far-infrared spectroscopy enabled the investigation of transitions between the split levels directly and revealed level crossings for the rings with varying magnetic field, unknown from dots [10] . MP spectroscopy has been used to demonstrate neutral and charged excitons in nano-rings [8] . Apart from the thorough theoretical analysis in [9] , no studies are known about the direct optical observation of the AB effect, involving interband transitions. This effect has been studied experimentally in [11] but the information provided there is very limited.
For a quantitative characterization of the magneto-optical properties of layers of quantum dots and nano-rings based meta-materials a highly developed optical spectroscopy, like ellipsometry, and an advanced theoretical description are indispensable. Proper understanding and modeling of the collective electromagnetic response of nano-object layers requires a correct approach, taking into account their composite and discrete character [12, 13] . In addition, comparison of the collective magneto-optical response of structures of semiconductor quantum dots and nano-rings can provide important information about the basic physical distinctions between these two types of systems.
In this paper study theoretically the collective (beyond the single nano-ring picture) electromagnetic properties of layers of semiconductor quantum dots and nano-rings in the optical range (see Fig. 1 ). We show that the interband magnetooptical response (absorbance) of a layer of InAs/GaAs nanorings demonstrates AB oscillations in contrast to a layer of quantum dots. It will turn out that, as a result, the magnitude of these effects is within the range of a modern ellipsometric setup.
II. THEORY AND RESULTS
The systems to be investigated in this paper are two dimensional square lattices (lattice parameter a L ) of InAs/GaAs quantum dots and nano-rings shown in Fig. 1 (a) . Previously we have treated theoretically torus (cut-torus) shaped nano-scale rings in external magnetic fields, using an effective Hamiltonian with position dependent electronic and hole effective masses [4, 14] . It was found that experimentally relevant simulations of the behavior of nano-rings can only be obtained with three-dimensional models using the experimentally determined shape, strain and composition of the rings [9] .
Recent experiments [4] have shown that the rings, as will be studied here, have the "eye" type cross-section as presented in upper insert in the panel (a) of Fig. 1 . The same computational technique we apply for semiconductor quantum dots with cylindrically symmetrical shapes (lower insert in the panel (b) of Fig. 1 ). Here we calculate electron and hole energies/envelope wave functions, adjacent to the energy gap, for these "eye" shaped dots and rings as a function of a magnetic field in the z-direction. Details of the method of calculation can be found in [4, 14] . For frequencies ω close to the energy gap of the nano-objects, the size of the object is small as compared to the wavelength and the dipole approximation can be used. Therefore it is possible to use the Kramers-Heisenberg expression [15, 16] for the polarizability tensor: 
whereα S (ω) is the static part of the polarizability (to be discussed letter), and Γ is the damping factor chosen to be independent on frequency. The possible transition energies ω f i = E e f − E h i determined by the energies E e f and E h i for the excited (electron) and ground (hole) states, respectively. The dynamic part of the polarizability is determined by the optical matrix elements i |r| f , the expectation value of the position vector r = (x, y, z). The sum over states in (1) is limited to transitions from hole states with i ≡ {n h = 1, m h = 0, −1} to electronic states with f ≡ {n e = 1, m e = 0, −1}, where n h,e is the spectroscopic notation for the radial hole (electron) quantum number, and m h,e is the azimuthal quantum number for holes (electrons). Those states determine the transitions with the lowest ω near the edge of absorption. Excitonic and Faraday/Kerr-or Cotton/Mouton-type magneto-optical effects are not taken into account here.
Using the description proposed in [9] and following the selection rules m e = m h enables us to consider near absorption edge only the optical transitions for dots and rings shown in Fig 1 (b) . Those inserts show the lowest allowed optical transition energies as a function of a magnetic field in the zdirection. The crossing between the two transition energies in the case of rings gives rise to the optical AB effect forα (ω).
Taking into account the cylindrical symmetry of the nanoobjects and both spin polarizations, we obtain for the optical transition matrix elements [17] i |z| f ≈ 0,
where I mn = ρdρdzF e m (ρ, z) F h n (ρ, z) is the electron-hole overlap integral for the envelope wave-functions and ρ =
This important value one can also take from direct experimental results available for InAs/GaAs nano-structures [18] .
The separate addition of the static polarizability tensor α S (ω) is necessary to compensate the losses in the real part when the subsequent sum over states in (1) is limited to a small number of levels. We approximate this static polarizability by the polarizability of a homogeneous dielectric ellipsoid of rotation, for which an analytical expression has been given in [19] .
where u = x, y, z, V is the volume of the ellipsoid, ε is the semiconductor material dielectric constant, and γ = b/a, the aspect ratio with athe long and b the short, z−oriented, axis of rotation of the ellipsoid. For reasons of symmetry the relation 2N x + N z = 1 can be used to determine N x . The polarizability tensor determines the reflection (r ss , r pp ) and transmission (t ss , t pp ) coefficients of a layer of dots or rings. For a square lattice Vlieger has shown that these coefficients are given by [12] :
Here subscripts "s" and "p" refer to light polarization perpendicular and parallel to the plane of incidence, respectively, θ i is the angle of incidence (see Fig. 1 ), k = c −1 ω is the wave vector, c is the speed of light. In (3) we have made use of the following definitions:
with u as defined before. The values for the diagonal part of the intraplanar transfer tensorf S depend on the type of layer lattice. The scaling factor α 0 = 4πε 0 a 3 L is commonly used in discrete dipole calculations [12] . For the two dimensional square lattice of rings we investigate here, we have to use: f S,xx = f S,yy = -4.51681, f S,zz = 2f S,xx .
We analyze the dependency of the calculated magnetooptical response on magnetic field and frequency near the absorption edge of the nano-objects for a lattice of InAs/GaAs dots/rings as shown in Fig. 1 (note that α xx = α yy due to the cylindrical symmetry). The lattice parameter is a L0 = 80 nm and yields α 0 = 5.7 * 10 −32 Fm 2 . For the calculation of the static polarizability tensor we have used the dielectric constant ε = 12.2 and an aspect ratio of γ = 0.081. The requirement that the volume of the ellipsoid has to be the same as that of the real object yields a long axis of a= 18.46 nm. The components of the static polarizability tensor are then α S,xx = α S,yy = 2.26 * 10 −3 α 0 and α S,zz = 3.4 * 10 −4 α 0 . Further we use for the uniform damping parameter Γ= 2 meV, material parameters from [17] , and for the matrix element S |x| X = 0.6 nm [18] .
The interesting behavior of the polarization tensor of a nano-ring in a magnetic field (distinct from that of a quantum dot) is a result of the crossing of the transition energies, which produces oscillations in the real and imaginary part of the polarizability. The polarizability reflects directly the optical AB effect for nano-rings and it is related to the magnetic field dependence of the energy levels belonging to the ground state Hamiltonian of the nano-rings. It dominates in the magnetic field dependence of the optical response and has to be distinguished from the weaker Faraday/Kerr and Cotton/Mouton effects.
For layers of rings one can expect to observe the AB effect in the optical reflection, transmission and absorbance of the layers. The last one is defined as Fig. 2 shows the absorbance of layers of dots and rings as function of energy E = ω, magnetic field B, and angle of incidence θ i for a two dimensional square lattice with lattice parameter a L0 . The absorbance plots display a quite monotonous ridge like patterns for dots ( Fig. 2(a) ) but a clear "hill/valley" pattern for rings (Fig. 2(b) ). This more remarked dependence of the rings upon changes in the magnetic field strength B inherits the oscillatory behavior from the ground state energy levels of electrons and holes. This represents a typical manifestation of the optical AB effect. Obviously, if we enhance the magnetic field range and number of levels involved (|m e,h | > 1) the absorbance of the ring system oscillates as many times as transition energies will be crossing. The overall picture is that the absorbance in the ring system is stronger than for the dot system. This is the consequence of the enlargement at resonance of the imaginary part of the polarizability due to the crossing of energy levels in the ring system.
An interesting feature of the absorbance (both for dots and rings) is the large difference in the dependence of A ss and A pp on the angle of incidence (Fig. 2(c,d) ). Since this difference almost disappears when we do a reference calculation with α xx = α zz , the difference can only be attributed to the cylindrical symmetry of the nano-objects. It is definitely not a Brewster minimum related feature.
More surprisingly, the size of the effect is within the detection range of modern ellipsometry [17, 20] . We stress that the magnitude of the AB oscillations depends strongly on the average concentration of the dots and rings. Hence to demonstrate unambiguously the optical AB effect ellipsometrically, the highest possible lattice density should be used.
III. CONCLUSION
In conclusion, we studied theoretically the magneto-optical response functions (like polarizability and absorbance) for semiconductor quantum dots and nano-rings, when they are arranged in a square lattice. The calculations clearly show that rings are more effective to exploit the response from magnetic fields than dots. Despite a lower volume fraction ring structures have stronger variation of absorbance when the magnetic field changes than the dots. We have shown that layers of InAs/GaAs self-assembled nano-rings exhibit the optical AB effect particularly in reflectance mode. While AB effects are discussed in the literature for the cases of infrared absorption and photoluminescent emission, we can expect this behavior to be observable in ellipsometric measurements with good resolution. The calculated results suggest large polarization anisotropy for absorbance at large angles of incidence. This can be measured and should display the new optical AB effects for low temperature and moderate magnetic field regimes. Actual magnitude of the effect should be verified both by experiment and by more sophisticated calculations.
